Introduction {#Sec1}
============

The behavior of quantum mechanical systems of particles depends sensitively on the geometry of the space in which the particles may move. In particular, dimensionality plays a significant role, and it is a geometric fact that only two fundamental types of identical particles naturally occur in three-dimensional space---bosons and fermions, from whose basic statistical properties many collective quantum phenomena follow. More exotic possibilities of quantum statistics may be realized by confining the particles' motion and thereby effectively lowering the dimensionality. In two spatial dimensions, which we will be concerned with here, the richer topology allows for a family of hypothetical quantum particles known as *anyons*.

Recall that the state of a quantum system of *N* particles is described in terms of a Schrödinger wave function, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi :(\mathbb {R}^2)^N \rightarrow \mathbb {C}$$\end{document}$, whose amplitude $\documentclass[12pt]{minimal}
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                \begin{document}$$|\Psi (\text {x})|^2$$\end{document}$ represents the probability density of finding the particles at positions $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {x}_j \in \mathbb {R}^2$$\end{document}$. If the particles are indistinguishable, one must impose that the density is symmetric under particle exchange, i.e.,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |\Psi (\mathbf {x}_1, \ldots , \mathbf {x}_j, \ldots , \mathbf {x}_k, \ldots , \mathbf {x}_N)|^2 = |\Psi (\mathbf {x}_1, \ldots , \mathbf {x}_k, \ldots , \mathbf {x}_j, \ldots , \mathbf {x}_N)|^2, \quad j \ne k. \end{aligned}$$\end{document}$$This leaves the possibility for an exchange phase:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Psi (\mathbf {x}_1, \ldots , \mathbf {x}_j, \ldots , \mathbf {x}_k, \ldots , \mathbf {x}_N) = e^{i\alpha \pi } \Psi (\mathbf {x}_1, \ldots , \mathbf {x}_k, \ldots , \mathbf {x}_j, \ldots , \mathbf {x}_N), \quad j \ne k. \end{aligned}$$\end{document}$$In the case of bosons ($\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =0$$\end{document}$) or fermions ($\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1$$\end{document}$), one has $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{i\alpha \pi } = \pm 1$$\end{document}$, so that a double exchange is trivial. However, by clarifying in topological terms what exactly should be meant by the exchange ([1.1](#Equ1){ref-type=""}) (say a simple counterclockwise continuous exchange of two particles), it is possible to allow for *any* phase $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{i\alpha \pi } \in U(1)$$\end{document}$ or statistics parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in \mathbb {R}$$\end{document}$, thereby defining a system of *any*ons.[1](#Fn1){ref-type="fn"} Such possibilities have been known since the 1970s and have been studied extensively in the physics literature during the following decades, with notable proposals for concrete realizations and applications, such as for quasi-particles in the fractional quantum Hall effect, rotating cold quantum gases, as well as for future prospects of quantum information storage and computation. We refer to \[[@CR3], [@CR7], [@CR9]--[@CR11], [@CR13], [@CR23], [@CR29]--[@CR33]\] for reviews.

Mathematically, anyons can be realized by viewing $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi $$\end{document}$ as a multi-valued function or a section of a complex line bundle over a nontrivial configuration manifold, an approach known in the literature as the anyon gauge picture \[[@CR4]\]. Alternatively, one can start with the usual quantum-mechanics setup, taking the familiar bosons or fermions as a reference system, and adding to these magnetic interactions of Aharonov--Bohm type \[[@CR22], [@CR24], [@CR26]\]. Here we shall follow this latter approach, known as the magnetic gauge picture.

Many basic questions concerning the behavior of many-particle systems of anyons have remained open since their discovery. This is true even for ideal anyons, i.e., particles without any interactions in addition to the ones forced by statistics. While non-interacting bosons and fermions admit a description solely in terms of the spectrum and eigenstates of the corresponding one-body problem, allowing for the properties of the ideal quantum Bose and Fermi gases to be worked out easily, anyons with $\documentclass[12pt]{minimal}
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                \begin{document}$$0< \alpha < 1$$\end{document}$ do not admit such a simplification and must be treated within the full many-body context. Even their ground-state properties are thus difficult to determine. In contrast, recall that ideal bosons at zero temperature display complete Bose--Einstein condensation into a single one-body state of lowest energy, while fermions are distributed over the *N* lowest one-body states to satisfy the Pauli exclusion principle, leading in particular to the extensivity of the fermionic ground-state energy.

We show in this work that the ground-state energy of the ideal anyon gas has a similar extensivity as the one for fermions, for all values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ except for zero (i.e., bosons). In fact, we shall derive upper and lower bounds that interpolate linearly in $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =0$$\end{document}$ and fermions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1$$\end{document}$. This improves on previous results which only applied to particular rational values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. Via well-known methods, our new bounds imply that also the celebrated Lieb--Thirring inequality holds for all anyons except for bosons.

Model and main results {#Sec2}
======================

In the magnetic gauge formulation, the kinetic energy operator for *N* ideal (i.e., point-like) anyons in $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \hat{T}_\alpha := \sum _{j=1}^N D_j^2, \end{aligned}$$\end{document}$$with the magnetically coupled momenta$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_j := -i\nabla _{\mathbf {x}_j} + \alpha \mathbf {A}_j, \qquad \mathbf {A}_j := \sum _{\begin{array}{c} k=1 \\ k \ne j \end{array}}^N (\mathbf {x}_j-\mathbf {x}_k)^{-\perp }, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {x}^{-\perp } := \frac{\mathbf {x}^\perp }{|\mathbf {x}|^2} = \frac{(-y,x)}{x^2+y^2} \qquad \text {for }\mathbf {x}=(x,y)\in \mathbb {R}^2\, , \end{aligned}$$\end{document}$$is the magnetic potential of an Aharonov--Bohm flux of magnitude $\documentclass[12pt]{minimal}
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                \begin{document}$$2\pi $$\end{document}$ at the origin, satisfying $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathrm{\mathrm {curl}}}}\mathbf {x}^{-\perp } = 2\pi \delta _0(\mathbf {x})$$\end{document}$. Since we demand that $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =0$$\end{document}$ represents bosons in accordance with ([1.1](#Equ1){ref-type=""}), we take the *N*-particle Hilbert space to be $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}= L^2_\mathrm {sym}(\mathbb {R}^{2N})$$\end{document}$, the permutation-symmetric square-integrable functions. The operators $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{T}_\alpha $$\end{document}$ then act as unbounded operators on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ and, because of the singular nature of the vector potentials $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {A}_j \notin L^2_\mathrm {loc}$$\end{document}$, some care is needed to properly define their domains. One can in fact show \[[@CR26], Theorem 5\] that on $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {D}_\alpha $$\end{document}$ coincide and hence induce a natural form domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {D}^N_\alpha = {{\mathrm{\mathrm {dom}}}}(\text {D}_\alpha ) \subset \mathcal {H}$$\end{document}$ for the kinetic energy $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{T}_\alpha $$\end{document}$. This choice is then taken to model ideal anyons. Indeed $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =0$$\end{document}$ yields free bosons, while $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1$$\end{document}$ corresponds to fermions, with their domains being the Sobolev spaces $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathrm{\mathrm {dom}}}}(\hat{T}_1) = U^{-1}H^2_{\mathrm {asym}}$$\end{document}$, respectively. Here, the unitary map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U:L^2_{\mathrm {sym}/\mathrm {asym}} \rightarrow L^2_{\mathrm {asym}/\mathrm {sym}}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (U\Psi )(\mathbf {x}_1,\ldots ,\mathbf {x}_N) := \prod _{1 \le j<k \le N} \frac{z_j-z_k}{|z_j-z_k|} \Psi (\mathbf {x}_1,\ldots ,\mathbf {x}_N), \quad z_j := x_j + iy_j, \end{aligned}$$\end{document}$$transforms bosons with attached unit magnetic flux into free fermions, and vice versa.

In general, the gauge equivalence$$\documentclass[12pt]{minimal}
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                \begin{document}$$U^{2n}:\mathcal {H}\rightarrow \mathcal {H}$$\end{document}$, implies that the entire spectrum of $\documentclass[12pt]{minimal}
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                \begin{document}$$0\le \alpha \le 1$$\end{document}$ only, which we will do from now on.

When restricting to finite domains $\documentclass[12pt]{minimal}
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Our main result is as follows:

Theorem 2.1 {#FPar1}
-----------
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Theorem [2.1](#FPar1){ref-type="sec"} answers a question raised in \[[@CR24], [@CR25]\] whether for $\documentclass[12pt]{minimal}
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The improved lower bounds in Theorem [2.1](#FPar1){ref-type="sec"} can be used to show the validity of a Lieb-Thirring inequality for anyons on the full space $\documentclass[12pt]{minimal}
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Theorem 2.2 {#FPar2}
-----------
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The bound ([2.5](#Equ6){ref-type=""}) may for example be applied in a physically relevant setting involving several species of charged particles subject to Coulomb interactions and confined to a very thin two-dimensional layer. Taking one of the species of particles in the layer to be anyons, as was previously considered in \[[@CR26], Theorem 21\], our result proves that such a system is thermodynamically stable for any type of anyon except for bosons. Our method of proof also clarifies that, at least in two dimensions, stability is a consequence solely of the local two-particle repulsive properties of any of the component species, in the sense that all that is required is a strictly positive energy $\documentclass[12pt]{minimal}
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Upper bounds {#Sec3}
============

A key tool for obtaining upper bounds is to use the fact that interactions between particles with wave functions supported on disjoint sets can be gauged away, as described in \[[@CR25]\]. In fact, we have the following subadditivity property for the Dirichlet energy $\documentclass[12pt]{minimal}
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-----
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The following lemma gives an upper bound on $\documentclass[12pt]{minimal}
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-----
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The same strategy can be used to obtain the upper bound ([3.3](#Equ9){ref-type=""}) on the Neumann energy $\documentclass[12pt]{minimal}
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A combination of Lemmas [3.1](#FPar3){ref-type="sec"} and [3.2](#FPar5){ref-type="sec"} leads to the following result, which immediately implies the upper bound claimed in ([2.2](#Equ3){ref-type=""}) in Theorem [2.1](#FPar1){ref-type="sec"}.
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-----
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Lower bounds {#Sec4}
============

As in \[[@CR12], [@CR24]--[@CR26]\], the key ingredient in the strategy to obtain lower bounds is to first prove a lower bound for the local Neumann energy that is *linear* in the particle number *N*. By splitting the original domain suitably, one may then lift such a bound to one that is *quadratic* in *N*. This method and local bound, referred to as a "local exclusion principle", goes back to the way Dyson and Lenard incorporated the Pauli exclusion principle for fermions in their original proof of stability of matter \[[@CR6]\], and was further developed in \[[@CR24], [@CR26]--[@CR28]\] for interacting bosonic gases and in \[[@CR8]\] for a model of fermions with point interactions.

Preliminaries {#Sec5}
-------------

We start by recalling some of the previously obtained lower bounds which shall also turn out to be useful in deriving the new bounds. The simplest one is the usual diamagnetic inequality which is also valid for anyons \[[@CR26], Lemma 4\] and tells us that their kinetic energy is always at least as big as the one of bosons:
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Next we consider a certain analog of Lemma [3.1](#FPar3){ref-type="sec"} for the Neumann energy, where subadditivity becomes superadditivity.
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With the aid of the previous two lemmas, we can obtain the following bound, which is an adaptation of \[[@CR19], Proposition 2\].
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### Proposition 4.6 {#FPar16}
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### Remark 4.7 {#FPar17}

The bound in \[[@CR12], Lemma 5.3\] is actually more general than what is stated here. It gives a lower bound, for any $\documentclass[12pt]{minimal}
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New bounds {#Sec6}
----------

Our improved lower bounds are due to the following lemma, which utilizes the scale invariance of the problem:
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Lieb--Thirring inequality {#Sec7}
-------------------------

Finally, we explain how the above bounds lead to improvements in the local exclusion principle and thus the Lieb--Thirring inequality introduced for anyons in \[[@CR24]\]. Namely, define for any $\documentclass[12pt]{minimal}
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### Lemma 4.10 {#FPar22}
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By applying the method of \[[@CR24]\] (see also \[[@CR20]\] for a more detailed exposition), replacing \[[@CR24], Lemma 8\] by the above bound and using ([4.10](#Equ22){ref-type=""}) and Lemma [4.5](#FPar15){ref-type="sec"}, one directly obtains the Lieb--Thirring inequality of Theorem [2.2](#FPar2){ref-type="sec"} for some universal constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$.

More precisely, these are *abelian* anyons. Non-abelian anyons may be defined by replacing complex phase factors by unitary matrices \[[@CR9], [@CR30]\].
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